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For a smooth bounded domain Q c R”, n < 3, and E a real parameter, consider 
the hyperbolic equation 
EU,,+U,-Au= -f(u)-g in R 
with Dirichlet boundary conditions. Under certain conditions on A this equation 
has a compact attractor sy’ in HA x L2. For E = 0, the parabolic equation also has a 
compact attractor which can be naturally embedded into a compact set s$ in 
Hhx L*. It is shown that, for any neighborhood U of ~&s, the set dec U for E 
small. 0 1988 Academic Press. Inc. 
1. l~TRoDucT10N 
Let us consider the two following problems: 
0) $lu= -f(u)-g(x) in Qx(0, +co), 
(ii) u=o on aa, 
(iii) u(O, x) = u,(x), 
(1.1) 
and, for E > 0, 
(i) 6% k 
q+~-k= -J-(%)-g(x) in 0x(0, +co) 
(ii) u, =o on aa, (1.21, 
(iii) u,(O, x) = uO(x), $v,x)=u,(x), 
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where 52 is a bounded smooth domain or a convex polyhedral domain in 
R”, n = 1, 2, 3, E is a positive parameter which will tend to zero, g(x) is a 
function in L*(Q) and (u,, u,) belongs to X0 = HA(Q) x L*(Q). We suppose 
that f belongs to C*(R, R) and satisfies the following condition: 
7 
hm -f(u) <o -1. 
lul + +cc u 
(1.3) 
We assume moreover that, for n 2 2, there exists a constant C > 0 such that 
If”(U)l d C(lulY + 1) for ME@ (1.4) 
where 
0gy-c +co when n = 2, 
o<y< 1 when n= 3. 
(1.5) 
In the following we set 
x, = (HA(Q) n H*(Q)) x H#2). 
Let us introduce the semigroups T(t): HA(Q) -+ HA(O), T(r) u,, = u(t), where 
u(t) is the solution of (1.1) and, for E>O, T,(t):X,+X,, T,(t)(u,,u,)= 
(u,(t), du,( t)/dr) where u,(t) is the solution of (1.2), . Note that the operators 
T,(t), t > 0, also yield a semigroup on X, (see [ 1, 23). Under the above 
hypotheses, there is a compact attractor (i.e., a compact invariant set that 
attracts the bounded sets) 2 in HA(Q) for T(t). Furthermore, for each 
E > 0, T,(t) admits a compact attractor ZZ$ in X0, if n = 1 or 2 or if n = 3 
and 0 Q y < 1 (see [5,6]); also dE c X, (see [6]) and one easily shows that 
&e is also a compact attractor in X, for r,(t), E > 0. In the case n = 3 and 
y = 1, we prove (see Sect. 2) that, for E > 0, T,(t) admits a compact attrac- 
tor JZJ’,’ in Xi, but we do not know if there is a compact attractor in X0 for 
7’,(t). (Compact attractors for (1.2), have been discussed more recently in 
c41.1 
Associated with the attractor d for (l.l), we can use the regularity 
properties of d, namely that dc HA(Q) n H*(Q), to define the set 
The set do is a natural embedding of the attractor dc H;(Q) into X0. 
If A, B are two subsets of a Banach space X, we set 
6,(A, B) = sup dist,(a, B) = sup inf la - bl X. 
The main result of this paper is the following theorem. 
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THEOREM 1.1. Under the above hypotheses, we have 
(i) ifn=1,2orifn=3andO<y<l, 
lim bXo(=4, 4) = 0, (1.6) E'O 
and 
(ii) fn= 3 and y= 1, 
lim 8,(&i, do) = 0. (1.7) E’O 
Another way of stating this result is that the attractor do in X0 
associated with (1.1) is upper-semicontinuous at zero with respect to the 
sets (de, E > O> c X0 and {&i, E > 0} c Xi, respectively. The lower- 
semicontinuity property at 0 (i.e., lim, +. 6,(do, de) = 0) will be studied in 
a subsequent paper. 
The outline of this paper is as follows. In Section 2, we prove, by using 
adequate energy functionals that the attractors &e and dE are bounded in 
X, independently of E > 0. In Section 3, we prove Theorem 1.1 and mention 
some extensions of this result. We shall give the proof of Theorem 1.1 only 
in the three-dimensional case because the proof is similar and even more 
elementary in the one- and two-dimensional cases. 
2. SOME BOUNDED-DISSIPATIVENESS RESULTS 
2.1. Some properties of Eq. (1.2),. From now on we consider onfy the 
case n = 3. We denote by A the operator (-d) the domain of which is the 
space H2(Q) n HA(Q). In the following we provide the space L2(G) with its 
classical inner product ( . , .) and its corresponding norm (I . Ilo. The space 
HA(Q) will be equipped with the norm 11 .I1 I = IIA1’2. Ilo. Due to the 
hypotheses made on Q, A is an isomorphism of H2(Q)nH~(f2) onto 
L2(Q); therefore we can provide the space H2(Q) n HA(Q) with the norm 
I( . II 2 = I(,4 .[I o. Finally, we equip the space X,, s = 0, 1, with the norm 
II(d $111 = (11411’ + lllc/l12Y > x* s+l s 9 V(4, $1 E xs. 
In order to prove that the attractors dE and J&‘: are bounded in X0 and 
in X, independently of E > 0 in the cases 0 < y < 1 and y = 1, respectively, 
we introduce some auxiliary energy functionals that must be bounded from 
below and from above. In doing that we shall use the following lemma. Let 
I, be the first positive eigenvalue of the operator A. 
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LEMMA 2.1. Let 0 < E < Ed. Zf b is a nonnegative real number satisfying 
(2.1) 
then, we have the following inequalities, for any (4, $) in X0, 
4E IIvVI;+W$, +)+f itdtl:2i(E h%+ 11~11:)~ 
;E IhII;+2Eb($, +)+t ll~li:~~(~ h%+ 11~11:) 
(2.2) 
(2.3) 
and 
(1-2Eb) IWII~+W4~ 11/)+2b II4IlWW WllcIII~+ 11~11~). (2.4) 
Proof: It is obvious if one remarks that Ai llq511~< 11411:. 
THEOREM 2.2. Let 0 < E d Q,. The system (1.2), is bounded dissipative in 
X0 in the sense that there exist a positive constant C, and, for any r0 2 0, a 
positive constant t,= t,(r,) (independent of E) such that, for any solution 
u,(t) of Eq. (1.2), with (E Ilu,lli+ IIu,I(~)“*<rO, we have the following 
estimate, for all 0 < E < Ed, 
(& ~~~(t)~~~+ll~,(I)I:)1’2~C~ for t3t0(r0). (2.5) 
From Theorem 2.2 and the invariance of the attractors dE we at once 
deduce the following result. 
COROLLARY 2.3. Let 0 < E GE,,. Assume that 0 < y < 1; then there exists 
a positive constant C, such that, for 0 <E < e,,, 
V(h $1 E -4, (6 ll~ll;+ 11411:)1’2~ CI. (2.6) 
Let us remark that the above constants Co, C,, t,(r,) (as well as almost 
all the constants appearing below) depend on E,,. But, as s0 is fixed, this 
dependence is not important and will therefore be omitted. 
Proof of Theorem 2.2. Let us fix a positive constant b satisfying the 
hypothesis (2.1) of Lemma 2.1. For any E > 0, we introduce the following 
energy functional which is similar to the one used in [ 11): 
v,(h’b)=j [+E I+(x)~2+~lA1’2~(x)12+2~b~(~)$(~) 
R 
+ F(h)) + g(x) 4(x)1 dx, 
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where F(u)= j;j(s) ds and (4, $)EX,,. If u, is a solution of (1.2), with 
initial conditions (uO, ui), then, for all t > 0, 
(2.7) 
Let us recall that if w(t, x) is a function such that (w, a~/&) E 
L’((O, T); X0) and a*w/&* + (l/c) Aw E L’((O, T); L2(sZ)) where T is a 
positive constant, then, one can prove by using general results of the inter- 
polation theory given in [lo] that we have, in the sense of distributions on 
IO, TC, 
(2.8) 
Using (2.8) and Eq. (1.2),, we get, for t 3 0, 
=-II II $0) 2-(f(u,(t)),~(l))-(g,~(f)). 2.9) 0 
Replacing 4a2u,lat2, u,) by C- (fh), d- (8, u,)- t-k, d- @da& uJI 
in the equality (2.7), we deduce from (2.7) and (2.9) that, for t > 0, 
- 2b(u,(t)> f$ (t))- Wf(u,(O), u,(t)) 
- ‘Wg, u,(t))+ (2.10) 
Thanks to the estimate (2.4) of Lemma 2.1 we at once infer from (2.10) 
that, for t 3 0, 
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+ p.& IIgll;-2w-MN~ u,(t)), (2.11) 
where k, = inf(i, 6). 
But, one easily shows that, due to the hypotheses (1.3), for any q > 0, 
there exists a positive constant c,, such that 
0) VUEIR, -f(v) 0 < vu* + cq, 
(ii) VVER, -F(o) Q tp* + c, 
(2.12) 
(see also [7, p. 1191). 
Using (2.12)(i) with q= ‘lo = koil,/8b, for instance, we derive from (2.1 l), 
for t 2 0, 
where 
cl= g II g/l: + 2bc,, mes(Q). 
Moreover the inequalities (2.2) and (2.12)(ii) give us, for t>O, 
- + IIglli-cc,, mes (Q), 
1 
(2.14) 
with q, = 2,116. 
On the other hand, if the conditions (1.4) and (1.5) hold, there exists a 
positive constant c2 such that 
VUER, IF(u)I ~c*(lv14+ 1). (2.15) 
Now using (2.15), the estimate (2.3) of Lemma 2.1, and the classical 
Sobolev imbedding theorem (which tells us that HA(B) is included in 
LP(Q), 1 <p < 6, with a continuous imbedding), one proves that, for t > 0, 
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+ f ll~&N+ Ilgll~+c2meW)~ I 
where c3 is a positive constant (independent of E). 
Let us now introduce the functional V,* given by 
CYcp~ II/)= MA iI+; /Iglli+c,,mesW. 
1 
By (2.14), we have 
C(cp, ti)20, V(% YQ)EXO. 
From (2.16) we at once derive that, for t B 0, 
(2.16) 
(2.17) 
where cq and c5 are positive constants (independent of E). Finally the 
inequalities (2.13) and (2.17) give us, for t > 0, 
~(v:(u,(r),~(r)))d-kl(Y:(u.(f),~(f)))”*+c*, (2.18) 
where k, and cg are positive constants (independent of E). Remark that, 
due to the inequalities (2.14) and (2.16), the theorem 2.2 is proved if we 
show that there exist a positive constant K, and, for any u. > 0, a positive 
constant t,(u,) (independent of E) such that, for all 0 < E < so, 
(2.19) 
as soon as V,*(u,(O), &@t(O)) < uo. 
Let us now consider the ordinary differential equation: 
z(r) = -k,( &(t))“2 + c6. (2.20) 
By a contradiction argument, one at once shows that if v(O)= V,*(u,(O), 
&/C%(O)), which is nonnegative, then 
c+ u,(t), 2 (t) d V(f), ( > for any t > 0. 
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Therefore, in order to prove (2.19), it is sufficient to show that there exist a 
positive constant K,, and, for any u,> 0, a positive constant t,(u,) such 
that 
f$, < K, for t 2 t,(vo) (2.21) 
as soon as V(0) < uO, 
By (2.20), if 0 < p(O) < (c,/k,)*, then 
B(t)< ? 0 
2 
for any t > 0. 
1 
If (c&i)’ d v(O) < co, then an obvious contradiction argument shows that, 
for any q > 0, 
2 
if t 3 t2(uo, rl), 
where t2(uoy rl) = ll(~~l)(uo- (cdkl + u)‘). 
Thus Theorem 2.2 is proved. 
In the following c will denote a positive generic constant. 
PROPOSITION 2.4. Let 0 <E GE,,. For any r. > 0 there exists a positiue 
constant C,*(r,) such that, for any solution u,(t) of Eq. (1.2), with 
(E llu,IIi+ I~uoll~)‘/*<ro, we have thefollowing estimate,for all O<E<E,: 
(2.22) 
Proof For any E > 0, let us now introduce the classical Lyapunov 
functional 
T(4, $) = j- [t 6 Ircl(x)l’+ f lA”*dx)l* + FkUI) +&I d(x)3 dx. R 
If U, is a solution of (1.2), with initial conditions (u,, u,), then we obtain, 
by using (2.10) with b=O, that 
for all t >, 0. (2.23) 
Hence, for t >, 0, 
e %(t), 2 (t) < ?quo, ul) ( > (2.24) 
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and 
Arguing as in the proof of Theorem 2.2 (by using the inequalities 
(2.12)(ii) and (2.15)), one can prove that there are positive constants c, 
and cs such that, for any (4, $) in X0, 
(i) cf(4, II/)GC,(E Wll~+ 11411:+ 1) 
(ii) JeY4, +)a%(& 1111/11;+ 1c41:- 1). 
(2.26) 
From (2.24k(2.26), we infer that 
and that, for t > 0, 
E $1 2+/lU,~f~ll:~CCEIl~,l/~+lI~~ll:+~l 
II II 0 
or 
E II II f$ (1) ’ + Il%(t)ll: < C,*(ro), 0 
(2.27) 
where C:(r,) is a positive constant depending only on ro. 
THEOREM 2.5. Let 0 < E d co. There exist a positive constant C2 and, for 
any r. > 0, rl > 0, two positive constants C:(r,) and CT(r,) such that, for 
any solution u,(t) of Eq. (1.2), with (E Ilu,ll~+ IIuoJI?+1)1’2<ri, i=O, 1, we 
have the following estimate, for all t 2 0, for 0 < E < Ed, 
Combining Theorems 2.2 and 2.5, we can state the following result. 
COROLLARY 2.6. Let 0 < E <Ed. The system (1.2), is bounded dissipative 
in X, uniformly in E in the sense that there exists a bounded set B in X, such 
that, for any 0 < E < ~~ and for any bounded set U in X,, there is a positive 
real number t; F to( U, B, E) such that T,(t) U c B, for t 2 t;. 
Using the invariance property of the attractors J& we deduce from 
Theorem 2.5 the following result. 
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COROLLARY 2.7. Let 0 <E <co, and assume that 0 < y < 1. Then there 
exists a positive constant C, such that, for 0 < E < .zo, 
V(cp> $)EJ4I (ll$II:+ Ilcpll:)“2dG. (2.30) 
Moreover, there exists a positive constant C,, such that, for 0 <E < Ed, for 
any orbit U,(t) = (u,(t), au,/&(t)) of (1.2), with U,(R) c de, we have 
(2.31) 
Proof of Theorem 2.5. (1) Let us first remark that, by hypotheses (1.4) 
and (1.5), the mapping f: w  E HA(Q) +f (w) E L*(S) is a C’ mapping. 
Moreover, one can show that, for w  E H2(Q) n H:(0), f’(w) is a con- 
tinuous, linear mapping from L*(Q) into L2(Q) and that 
Ilf’(w)ll~(L2~n);LZ~n))~C(1 + Ilwll:” Ilwll’,“). (2.32). 
Indeed, for any v E L2(Q), we obtain, by using (1.4), 
Ilf’(w)vll;G Ilf’(w)llt=(a) llvll; 
or 
Ilf’(w)vll;dc(l + IIWIl~~~$ Ilvlli. (2.33) 
But, according to the Gagliardo-Nirenberg inequality, we have 
llwll L”(R) G c llwll:‘* lIwIIY27 
which, together with (2.33), proves the estimate (2.32). 
(2) Assume now that (E Iluill: + ll~~ll:)~‘~ < r,. Then T,(t)(u,, u,) = 
(u,(t), &J&(t)) belongs to C”( [0, + co); Xi) and one may consider the 
following linear hyperbolic equation: 
(i) 
a2w aw, 
E$+z+z’iW”= -f’(U& 
(ii) w,=OonS2, (2.34) 
(iii) weto, x) = Ul, $0,x)=+f&J-g(x)-q-Au,). 
As f’(u,) au,/at and (~~(0, x), aw,/at(O, x)) belong to cO( [0, + 00); Lo) 
and X0, respectively, there is a unique solution w,(t, x) of (2.34) and 
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(w,, awJ&) belongs to C’([O, + co); X0) (for this result, see, for instance, 
[lo, Chap. 3, Sect. 8.41 or [S]) and one easily checks that 
w,(t) =$& (t). 
Let us fix a constant b >O satisfying hypothesis (2.1). For E >O, we 
introduce the following functional 
v,(d> ‘h)= j- [;E b+W12 + 2.@(x) Ii/(x) + $ lA1’2~(~)12] dx (2.35) 
R 
(this energy functional is similar to the one used in [2, Proposition 3.61). 
Taking into account Eq. (2.34) and using (2.8) (see the proof of 
Theorem 2.2), we obtain, for t > 0, 
= -(l -2eb) 2(t) ‘-2b IIw,(t)ll; 
!I II 0 
- 2b(% (t), w,(t)) - (f’(u,(t)) w,(t)> 2 (t)) 
- Wf’(uAt)) w,(t), w,(t)). (2.36) 
Due to the estimate (2.4) of Lemma 2.1, (2.36) gives us, for t 20, 
1 v, w,(t),%(t) >- 2 (ll$+ll~+ IlwAt)ll:) < -5 
+ (&+g) IIf’( w,(t)ll;. (2.37) 
Now we have to estimate Ilf’(u,(t)) w,(t)lli. By (2.32), we obtain 
IVY%(t)) wAt)ll;~c ll%o)ll; (1 + IMt)ll: Il~e(t)ll:). (2.38) 
Since Au, = -f(uJ -g - auJat - &(a%Jat’), we can write, for t 2 0, 
Ilu,(t)ll:<c Ilf(u,(t))ll;+ llgll:+ IlW)ll~+~2 
( 11% (t)l12) . (2.39) 0 
Moreover, the inequality (1.4) and the Sobolev imbedding theorem 
(HA(Q) c L6(Q)) imply that, for t 2 0, 
Ilf(%(~))ll~~C(1 + Il~e(t)ll~). (2.40) 
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Now the inequalities (2.38) to (2.40) and the property (2.28) give us, for 
t>o, 
+ c:(ro)(E* (2.41) 
where C$(r,) and C:(r,) are positive constants depending only on ro. 
Finally, using Lemma 2.1 again, we derive from (2.37) and (2.41) that, for 
t20, 
$ v, we(t), 2 (t) ( ( ))G -k2V,(w,(t),~(t))+Cb(ro) IIw,(t)ll~ 
+ GPO) IIW,(t)ll; v, w,(t), 2 (t) 
( > 
, 
where C,*(r,) and C:(r,) are positive constants depending only on r. and 
k2 is a positive constant. Integrating the above inequality from 0 to t and 
using an inequality similar to Gronwall’s one, we obtain, for t > 0, 
J-‘, w,(t), 2 (t)) ,< exp(-k2t) exp (G++d jo+m Il~&)lG ds) 
[ ( 
aw, x VE we(O), at (0) 
)I 
+ Cg*(ro) exp 
( 
G(ro) jo+" Ilw,(~)ll~ ds) 
X 
[s 
+02 II%WIlip~ . 
0 1 (2.42) 
Due to Property (2.22) we deduce from (2.42) (by using again Lemma 2.1) 
that, for t > 0, 
x exp( -k2 t) + C,*(r,), 
where Cz(ro) and Cg*(ro) are positive constants depending only on ro. As 
Au, = -f(uE) -g - l&/at - E(a2uJat2), we infer finally from the above 
inequality as well as from (2.39) and (2.40) that, for t > 0, 
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+ b4l~+ Ib,II3 exp(-bt), 1 (2.43) 
where C&(r,,) and Cr,(r,) are positive constants depending only on rO. 
It now remains to consider the case y = 1. 
PROPOSITION 2.8. Let 0 <E <Ed. Assume that y = 1, then T,(t) admits a 
compact attractor JZI’~ in X, and the estimates (2.30) and (2.31) still hold. 
Proof. In Corollary 2.6 we showed that T,(t) is bounded dissipative in 
X, and that the bounded set B in X, does not depend on E. If moreover 
T,(t) is an a-contraction in X1 for 0 <E GE,,, by a result of [12], T,(t) 
admits a compact attractor -01: in X, and (2.30), (2.31) hold. Thus, let us 
prove that T,(t) is an a-contraction in X,. Equation (1.2), can be written 
abstractly as 
(i) %=D,w,+7(w,)+l 
(2.44) 
(ii) w,(O)= “uy 3wg, [I 
where 
D,= 
0 
[ 1 1 and -- Eg 
(2.45) 
The variation of constants formula for the problem (2.44) gives 
w,(t)=eD”‘w,+ U,(t) wO, (2.46) 
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“8”-s’[f(w,(s)) +g] ds. (2.47) 
Let us now prove that U,(t) is completely continuous in Xi. Without any 
loss of generality we can suppose that j(O) = 0, since we can replace f(u) by 
f(u)-f(0) and g by g+f(O) in (1.2),. In Theorem 2.5, we have proved 
that, if B, is a bounded set of Xi = (H2(Q)n H;(Q)) x H,!,(Q), then 
{T,(s)(u,,, u,):O<s<t, (u,, u,)eB,} is a bounded set ofX,. Now, asfis a 
C2 function satisfying the conditions (1.4) and (l.S), one easily shows, by 
using the continuous Sobolev embedding H*(O) + L”(Q), that 
{f(u,(s)): 0 G s < t, (u,, ui) E B,] is a bounded set of H*(Q) n HA(Q) and 
therefore a compact set of HA(Q). This property implies at once that U,(t) 
is completely continuous in Xi. 
On the other hand, one easily proves that there are constants K, > 0, 
6,>0 such that 
W”lI L(xI;x,) G k-P’. (2.48) 
Thus, we have proved that T,(t) is an a-contraction in Xi. 
2.2. Some properties of Eq. (1.1). Now we recall some properties of 
parabolic Eq. (1.1). With Eq. (1.1 ), we may associate the classical 
Lyapunov functional on Hi(Q), 
vo(d) = j [f IA”*&x)12 + F(qb(x)) +g(x) d(x)] dx. 
R 
One proves, as in the hyperbolic case, that if u(t) is a solution of (1.1) with 
initial condition uO, then, for all t > 0, 
(2.49) 
Arguing as in the proof of Proposition 2.4, we infer from (2.49), by using 
the estimates (2.12)(ii) and (2.15), that, for any r,>O, there is a positive 
constant C;r2(r,) such that, for any solution u(t) of (1.1) with lluOll i < rO, we 
have, for t > 0, 
(2.50) 
The estimate (2.50) implies that the orbits of bounded sets in HA(B) are 
bounded in H;(Q). As T(t) is completely continuous for t > 0 (see, for 
instance, [S, Sect. 3.2, Theorem 2.2]), the orbit through u0 is precompact; 
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the w-limit set of this orbit must be an invariant set and the relation (2.49) 
implies that it belongs to the set E of the equilibrium points. Thus, as E is 
bounded in HA(Q) (this is an easy consequence of the hypotheses (1.3) to 
(1.5)), T(t) is point dissipative, and hence, by a theorem in [3], T(t) 
admits a compact attractor d in Hi(Q) that attracts the bounded sets of 
HA(Q). Remark that one can also prove directly that T(t) is point dis- 
sipative by using arguments similar to those of the proof of Theorem 2.2. 
Furthermore, the semigroup T(t) has a smoothing effect; i.e., any solution 
u(t) = T(t) u,,, with u0 E HA(Q), belongs to H*(Q) n HA(O) for t > 0 and 
A/&(t) is in HA(Q) for t > 0 (see [7, Theorem 3.52, p. 711). From these 
properties and from the invariance of d we deduce that the set G$= 
{ (0, II/): tj = Ati -f(4) -g, 4 E d} is bounded in (H*(Q) n IfA( x Hh(f2). 
3. PROOF OF THEOREM 1.1 
3.1. For the sake of simplicity in the notation we shall prove 
Theorem 1.1 only in the case n = 3 and 0 < y < 1. Of course, the proof in 
the other cases is similar. Let us at first recall the basic properties proved in 
Section 2 (see Corollary 2.7, in particular): 
(i) there exists a bounded set a1 in X, such that 
( ) U 4 udlc%, &>O (3.1) 
and 
(ii) there is a positive constant K, such that, for 0 <E <so and for 
any orbit U,(t) = (u,(t), &J&(t)) of (1.2), with U,([w)c~$~, we have 
(3.2) 
We are going to prove the following property: 
Let E, be a sequence of positive numbers with E, converging 
to 0 when n goes to infinity and let u, be a corresponding 
sequence of solutions of (1.2),” such that, for any t E [w, (u,(t), 
&,&t(t)) E &, then there is a subsequence si. of E, such that 
- - . - - (ujn(0), &+/at(O)) converges to (u, u) m X0 and (u, Y) belongs 
to do. (3.3) 
Theorem 1.1 will be a straightforward consequence of the property (3.3). 
Indeed, assume that Theorem 1.1 is not true, then there exist a positive 
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constant 6, a sequence of positive numbers E, converging to 0, and a 
corresponding sequence (uonr uO,,) of ST& such that 
~X”((UOrz, uon), 4) 2 6 ’ 0, VrzEN. (3.4) 
Let u,(t) be the solution of (1.2),, with (u,(O), au,/&(O)) = (Us,,, aOn). As 
(u,(t), &,/at(t)) clearly belongs to s&, (3.4) contradicts the above 
convergence property (3.3). 
Let us now prove the property (3.3). By (3.1), UlcR UnsN u,(t) is a 
precompact set in HA(Q) and the family of mappings u,(t) E C”( R; HA(Q)), 
n 2 0, is equicontinuous from R into HA(Q). Let J,,, , m 2 0, be a sequence 
of compact intervals of Iw such that J,,, c J, + r, m 2 0, and Urn, N J, = R. 
By Ascoli’s theorem, there exists a subsequence unO of u, such that u,, con- 
verges to U in C”(Jo; H/,(Q)); and using Ascoli’s theorem again, one shows, 
by induction, that there is a subsequence u,,~+, of u,,~ such that u,_+, con- 
verges to ii in C”(Jm + , ; HA(Q)). Finally taking a diagonal subsequence in 
the usual way, there exist a subsequence of positive numbers si. of E, and 
the corresponding subsequence ujn of u,, which are solutions of (1.2),, 
such that 
ujn + U in C’(J; HA(O)) for any compact interval Jc R, (3.5) 
and U belongs to C”(R; H;(Q)). Furthermore, due to property (3.1) we 
obtain 
sup Ilu(t 1 G K, 9 
1cR 
(3.6) 
K, being a positive constant; that is, ti belongs to Cz(R; H;(Q)) s 
{ue CO@; m-Q)): suP,E KS Ilu(t I is bounded}. Moreover, from (3.2), it 
follows that 
(3.7) 
On the one hand, &+/at converges in 9’(Z; HA(G)) (i.e., in the sense of 
distributions) to &i/at, for any bounded open interval Zc R. On the other 
hand, since 
au. In= a% 
at -&. ~-Aui,-f(uj,)-g, Jn at2 
the inequality (2.40) and the properties (3.5) and (3.7) imply that aujJat 
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converges in CO(J; H-‘(Q)) to -Au-f(u)-g, for any compact interval 
Jc IR. By uniqueness of the limit in %(I; HP’(L2)), we have 
ali 
at= -Au-f(G)--, (3.8) 
Thanks to the property (3.6) and to the estimate (2.40), we deduce from 
(3.8) that &/at belongs to Ct(lR;H-l(Q)). AS, by (3.1), suprE R IIi$Jat(t)Ij, 
remains bounded when j, tends to infinity, the convergence of &+/at to 
aiiiat in CO(J; H-l(Q)), f or any compact set Jc R, implies the convergence 
of aujm/dt to &/lat in C”(J; L’(Q)), for any compact set Jc R; moreover, 
iSi/& belongs to C@; L2(Q)). Thus, -&/at -f(c) -g belongs to 
Cz(R; L’(Q)). We now deduce from the equality 
A,‘j= -!! 
at -f(i) -g 
and from the regularity properties of the operator A that U belongs 
to L”(R; H2(R)). Finally, we have proved that U belongs to 
L”(R; H2(SZ)) n W’*“O(R; L’(Q)) and that, for any To > 0, ti is the solution 
of the parabolic equation 
$+AD= -j-(c)-g a.e.t. 
(3.9) 
u( - To) = ii( - To). 
Therefore, by definition of d and do, (ii(t), hi/&(t)) belongs to do, for 
any t. As (ujn, &+/i?t) converges to (U, &/at) in C”(J; HA(Q) x L2(52)), for 
any compact interval J of R, (ujn(0), $/at(O)), in particular, converges to 
(ii(O), Z/lat(O)) E do in H;(Q) x L2(Q). And the property (3.3) is proved. 
3.2. Some extensions of Theorem 1.1. We have stated and proved 
Theorem 1.1 in the case where A is the operator (--A) the domain of which 
is the space H’(Q) n Z-I;(Q). Actually we never really used the fact that A is 
the operator -d and that the boundary conditions in (1.1) and (1.2), are 
the Dirichlet boundary conditions. For instance, we can replace the 
operator (-A) by any H;(Q)-elliptic operator A such that the domain 
D(A) of A is H2(Q) n HA(Q). Furthermore we can pove Theorem 1.1 for 
boundary conditions more general than (l.l)(ii) or for more general linear 
self-adjoint elliptic operators of higher order (such as A2...) or for systems 
of equations (see [4] for examples). 
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In particular, Theorem 1.1 remains true for the following Sine-Gordon 
equation: 
(i) 
&l&4& au, 
at2 +t-AuE+ue= -sinu,-g(x), 
au 
(ii) c=O 
av on 1352, (1.21, 
(iii) u,(O, x) = u,(x), 2 (0, x) = u,(x). 
Here Au = -Au + u, D(A) = {u E H*(Q); au/& = 0 on &2} (and the norm 
11 ’ 11 H-‘(R) is replaced by the norm II-4 -“2~~~0 in the proofs of the auxiliary 
results). 
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